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A B S T R A C T

Four Wave Mixing (FWM) is one of the main transmission impairments in coherent optical systems and a broad
gamut of analytical expressions calculating its power already exists in the literature. Most of these expressions,
such as the GN-model, assume that due to the large values of accumulated dispersion, each transmitted signal
behaves as stationary circular Gaussian noise, ignoring the dependence of FWM on the employed modulation
format. This assumption leads to significant error especially in the case of quadrature-phase-shift keying (QPSK),
in systems with small number of spans and in the dispersion managed case. In addition, the GN-model is
inaccurate when applied to metro networks, due to the low accumulated dispersion. In this paper, we derive
closed-form expressions which incorporate the impact of modulation format on FWM generation, extending and
improving the accuracy compared to existing closed-form FWM expressions. Moreover, the proposed method
includes terms that make it applicable to systems with small span lengths (<30 km), which is the case in metro
networks. The accuracy of the proposed formulas is benchmarked against a numerical method, where the signal
transmission is modeled using the split step fourier method (SSFM), for a wide range of system configurations
and parameters.

1. Introduction

The demand for higher capacity transportation in Core and Metro
will keep surging over the coming years due to the popularity of
cloud based services, the proliferation of mobile computing and the
emergence of Internet-of-Things as an asset in e-commerce. Today,
optical coherent is the established technology for transportation in these
network segments, but the attainable capacity times length product of
the corresponding systems is limited due to fiber propagation effects.
The most detrimental nonlinear propagation effect in coherent systems
is FWM and it is of no surprise that a number of approximate expressions
have been derived to provide an in-depth understanding [1–18].

In particular, a widely adopted approximation is the so-called GN-
model [4] which postulates that, thanks to the dispersion that is
accumulated along the link, each transmitted signal approximately
behaves as a stationary circular Gaussian noise source. Moreover, due
to this assumption, the resulting nonlinearity is independent on the
employed modulation format. The GN model is accurate when large
dispersion values have already been accumulated, however it results
to erroneous performance estimation in systems with a small number of
spans or in dispersion-managed links [14,19]. Further, as the impact of
modulation format is ignored, even in the dispersion uncompensated
case, a few dB discrepancy compared to numerical solutions is also
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expected [19–22]. In [22–24] the Gaussian assumption of the signal
is removed by including the impact of modulation format on FWM
generation. As a result, the resulting expressions are more accurate
than GN-model, especially in the cases of low accumulated dispersion,
where the modulation format plays a role in FWM generation and its
impact cannot be neglected. The main drawback of [22–24] is that the
derived expressions are cumbersome and their estimation requires a
non-negligible computational effort.

To overcome this limitation, a closed-form approximation of the
Enhanced GN-model has been proposed in [25]. Accordingly, the closed-
form EGN-model is demonstrating very good matching with numerical
results, although it is suffering from certain drawbacks: it is not applica-
ble to dispersion managed links, it leads to erroneous estimations when
the span length is smaller than 30 km, while it does not account for
unequal channel power, unequal bandwidth and unequal modulation
format of the interacting channels. These drawbacks are making closed-
form EGN-model less attractive to be incorporated in Physical Layer
Aware Routing, Modulation and Spectral Assignment (PLA-RMSA) al-
gorithms which are a key element of network optimization processes.

Herein, our primary objective is to obtain an accurate but still closed-
form expression for the nonlinear FWM interference, tailored to the
requirements set by PLA-RMSA algorithms in terms of computation and

https://doi.org/10.1016/j.optcom.2019.01.059
Received 12 December 2018; Received in revised form 18 January 2019; Accepted 22 January 2019
Available online 5 February 2019
0030-4018/© 2019 Elsevier B.V. All rights reserved.

https://doi.org/10.1016/j.optcom.2019.01.059
http://www.elsevier.com/locate/optcom
http://www.elsevier.com/locate/optcom
http://crossmark.crossref.org/dialog/?doi=10.1016/j.optcom.2019.01.059&domain=pdf
mailto:duzunidis@openlightcomm.uk
mailto:cmatraki@openlightcomm.uk
mailto:astavdas@uop.gr
https://doi.org/10.1016/j.optcom.2019.01.059


D. Uzunidis, C. Matrakidis and A. Stavdas Optics Communications 440 (2019) 132–138

Fig. 1. Schematic diagram of a system with guard bands between the channels.

execution time. In particular, we are based on the EGN-model [22],
however, we approximate it using a different mathematical procedure
than the one used in [25] to derive the closed-form EGN-model. As a
result, the formula derived here, compared to [25] is applicable to a
wider range of system configurations and parameters: (1) it is applicable
to both flexgrid and fixed-grid systems; (2) it allows to estimate the
nonlinearity interference on any channel, slot or superchannel of the
spectrum, not only on the central one; (3) it is applicable to both
uncompensated and dispersion managed links; and (4) it is applicable
to systems having channels of unequal power, unequal bandwidth and
unequal modulation format.

Regarding the case of dispersion management, the GN/EGN approx-
imations neglect the case where optical dispersion compensation means
are present in a link (e.g. Dispersion Compensating Fiber — DCF set
in-line or to the corresponding nodes). This is leading to erroneous
estimations when such mechanisms are employed. In contrast, in the
expressions derived here, we include a term, the compensation ratio
(CR), that accounts for the degree of dispersion compensation induced
on a link. Last, but not least, the formulation derived here is also
applicable in Metro network environments where the average span
length is less than 30 km, while both closed-form GN/EGN-models
provide sufficient accuracy only when the fiber span loss is larger than
7 dB, which accounts for fiber lengths of 35 km or more (see Appendix
F of [4] and [25]).

It is also worth mentioning that approximated expressions that cal-
culate the impact of fiber nonlinearity have been also proposed in [6–9].
These expressions disaggregate the fiber nonlinearity into SPM, IXPM,
IFWM, XPM, FWM and intersymbol or intercarrier interference and
can thus be applied in different transmission systems employing direct,
differential and coherent receivers. However, they are significantly more
computationally complex than the formalism proposed here, making
their integration with PLA-RMSA tools cumbersome.

The current work is organized as follows: in Section 2 an approxi-
mate solution for the power of the FWM interference is derived assuming
a fixed grid system made up of channels with identical operational
parameters (same power levels and modulation format). In Section 3,
the expressions are generalized to account for a flexgrid system. In
Section 4, the accuracy of the derived formulas is validated against the
corresponding performance obtained from the exact numerical solutions
where the transmission through the fiber is modeled using the split
step Fourier method. Finally, in Section 5, more simplified and elegant
expressions than those of Sections 2–3 are given that are applicable to
systems with a span length longer than 40 km.

2. A fixedgrid system with channels having identical operational
parameters

The system under study is schematically illustrated in Fig. 1. It
consists of 𝑁𝑐ℎ coherent optical channels with rectangular spectrum
i.e. coherent optical-orthogonal frequency division multiplexing (CO-
OFDM) or Nyquist-wavelength division multiplexing (Ny-WDM) with
channel bandwidth equal to 𝐵 and guard band between them equal to
GB.

Following the methodology of EGN [22,25], a modulation dependent
term is added in the expression after the original term that only assumed
Gaussian statistics,

𝑃𝐹𝑊𝑀 = 𝑃𝐹𝑊𝑀, 𝐺𝑁𝐴 − 𝑃𝐹𝑊𝑀,MF (1)

where GNA stands for Gaussian-Noise Assumption, and MF stands
for modulation format. 𝑃𝐹𝑊𝑀, 𝐺𝑁𝐴 and 𝑃𝐹𝑊𝑀,MF are derived in Ap-
pendix A and the final expression is
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2

2𝑐 , 𝑃 denotes the channel power at the fiber input, 𝛾
is the nonlinear fiber coefficient, 𝐷 the local dispersion, 𝑎 the fiber
attenuation, 𝐿 the span length and𝑁𝑠 the number of fiber spans in a link.
CR is the dispersion compensation ratio for purely optical dispersion
compensation means, like the deployment of DCF. In this case, 𝐶𝑅 = 0
corresponds to uncompensated transmission and 𝐶𝑅 > 0 to dispersion
managed transmission. 𝛷 is a modulation format depended variable
taking the value of 1 for BPSK and QPSK, 17/25 for 16-QAM and 13/21
for 64-QAM [25].

3. Generalization for a flexgrid system

In this section a flexgrid system is considered where, unlike the case
of Section 2, a channel might be spectrally extended over a number of
frequency slots. The optical bandwidth of a frequency slot is 𝐵𝑠𝑙𝑜𝑡 and
the total number of spectral slots for all active channels in a link is 𝑁𝑠𝑙𝑜𝑡.
As an example, Fig. 2 shows superchannels of 37.5 GHz and 50 GHz with
𝐵𝑠𝑙𝑜𝑡 = 12.5 GHz.

Under these assumptions, as elaborated in Appendix B, the power of
the FWM nonlinear interference of Eq. (1) is given by
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Fig. 2. Schematic diagram of a flexgrid system with 12.5 GHz grid spacing.

the measured slot and the 𝑛th interfering one. Using this expression
and following the methodology analyzed in the text following Eq. (15)
of [16] we can calculate the FWM power on any channel/slot of the
spectrum.

Regarding the dispersion managed case, which is not handled by the
GN/EGN models, the proposed expressions of (2) and (3) account for
it with the CR parameter. Moreover, (2) and (3) also correct the error
due to the non-Gaussian signal statistics, since they include the impact of
modulation format on FWM generation, which is important in dispersion
managed links due to the low values of accumulated dispersion [19].
These details make (2) and (3) applicable in the dispersion managed
case whilst the approximation 𝑖

(

𝐿𝑖2 (−𝑖𝑥) − 𝐿𝑖2 (𝑖𝑥)
)

≈ 𝜋 asinh (𝑥∕2)used
in the Appendix, instead of 𝑖

(

𝐿𝑖2 (−𝑖𝑥) − 𝐿𝑖2 (𝑖𝑥)
)

≈ 𝜋𝐿𝑜𝑔 (𝑥) which
was employed in [16], further improves the resulting accuracy over
the range of 𝑥 ∈ (0, 10) which is important for dispersion managed
links, systems with low span lengths and/or systems with small total
bandwidth.

4. Performance estimation

Assuming that FWM is an additive Gaussian noise source, statistically
independent from the signal and Amplified Spontaneous Emission (ASE)
noise, we can calculate the optical signal to noise plus interference ratio
(OSNIR) [4,19] as

𝑂𝑆𝑁𝐼𝑅 = 𝑃
𝑃𝐴𝑆𝐸 + 𝑃𝐹𝑊𝑀

(4)

The Bit Error Rate (BER) for QPSK and 16-QAM is estimated as
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For other M-QAM modulation formats, the OSNIR can be related
to BER using the more general formula of [26]. The total 𝑃𝐴𝑆𝐸 for a
system employing polarization multiplexing (PM) is given by 𝑃𝐴𝑆𝐸 =
𝑁𝑠ℎ𝑓 (𝑁𝐹 ⋅ 𝐺 − 1)𝐵0 with 𝐵0 the optical bandwidth and 𝐺 and NF the
EDFA gain and noise figure, respectively. It is worth mentioning that
a phase noise component in the estimation of FWM may emerge in
very low distances [27] and in this case the additive Gaussian noise
assumption of (4) does not strictly apply. The impact of phase noise has
a small contribution to the overall strength of FWM so it is ignored in
the formulation we propose here, as an acceptable trade-off between
accuracy and computational complexity which is a critical feature in
PLA-RMSA algorithms.

The layout of the transportation system used to benchmark the
effectiveness of the proposed solution is illustrated in Fig. 3. It consists
of 𝑁𝑐ℎ Ny-WDM polarization multiplexed channels transmitted through
𝑁𝑠 cascaded Single Mode Fiber-Erbium Doped Fiber Amplifier (SMF)-
(EDFA) pairs for the dispersion uncompensated case, whilst in the
dispersion managed case the SMF is followed by an ideal Dispersion
Compensating Fiber (DCF) (zero loss and nonlinearities). The simulated
symbols in each case are 8192/channel/polarization. At the receiver
end, the estimated BER of the two polarizations is averaged and then
using (5), the OSNIR value is calculated.

We investigate fiber plants with span lengths of 𝐿 = 10, 50 and
100 km and SMF and Non Zero Dispersion Shifted Fiber (NZDSF) with

Fig. 3. Schematic diagram of the studied system. DU: Dispersion Uncompensated case,
DM: Dispersion Managed case.

parameters 𝐷 = 17 ps/(nm km), 𝛾 = 1.317 W−1 km−1, 𝑎 = 0.2 dB/km
and 𝐷 = 3.8 ps/(nm km), 𝛾 = 1.5 W−1 km−1, 𝑎 = 0.22 dB/km,
respectively. In all cases, EDFAs with NF = 6 dB were used. No dispersion
compensation was employed with NZDSF. Ideal optical and electrical
filters and mux/demux with zero losses are considered. We also ignored
the impact of polarization mode dispersion and laser linewidth. As a
consequence, the dominant effects that degrade system performance are
ASE noise and FWM crosstalk.

4.1. Results for a continuous range system

Fig. 4 illustrates the comparison of the proposed method of (2)–
(4) against numerical results for different fiber lengths 𝐿 (10, 50 and
100 km), number of spans 𝑁𝑠 (3–50), fiber types (SMF and NZDSF),
link types (uncompensated with 𝐶𝑅 = 0 and dispersion managed with
𝐶𝑅 = 0.95) and modulation formats (PM-QPSK and PM-16-QAM) in
order to cover as many different scenarios as possible. The number of
channels was nine each having a bandwidth of 25 GHz and a power
equal to 0 dBm. This power level ensures that FWM dominates over
ASE noise in all cases. For example, optimum power is always less than
−3.5 dBm when the span length is 50 km for all points of Fig. 4. In the
cases of 1–2 spans the BER using the numerical method was 0, so the
OSNIR values were irrelevant.

As it is obvious, the uncompensated link employing SMF outperforms
the dispersion managed link in all cases. This happens because in the
latter case, as CR approaches 1, the FWM products generated in different
spans add-up in phase, showing an increased degree of coherence and
thus the FWM accumulates faster. On the other hand, when NZDSF is
employed, the impact of FWM is also higher compared to SMF with
𝐶𝑅 = 0 which happens due to the smaller value of local dispersion 𝐷.
Smaller values of 𝐷 increase significantly the FWM power generation
within each span [15]. Another observation is that the strength of FWM
shows only a light increase with the increase of span length 𝐿. This
is attributed to the fiber effective length due to which the nonlinear
phenomena occur mainly in the first kilometers of the fiber (e.g. for
SMF 𝐿 = 50 and 100 km, 𝐿𝑒𝑓𝑓 = 19.5 and 21.5 km respectively).

Regarding the matching of the candidate formula with numerical
results, it is apparent that the discrepancy is less than 1 dB in most cases
whilst it hardly exceeds 1.5 dB, that is when the accumulated dispersion
is very low, e.g. for span length of 10 km and less than 5 spans either for
the dispersion managed case or when NZDSF is employed. The very good
accuracy of the candidate approach of (2)–(4) in the cases of 𝐿 = 10 km
for more than 5 spans makes it an important asset for network engineers
who aim to design or upgrade metro networks [28].

4.2. Results for different channel bandwidth

The accuracy of the proposed expressions is also validated in
12.5 GHz and 50 GHz channel bandwidth. In Fig. 5 we benchmark
(2)–(4) against numerical results for a dispersion uncompensated link
employing SMF fiber spans and nine channels with QPSK modulation.
The channel power was properly set in each case in order to ensure
that FWM dominates over ASE noise. As expected, the wider optical
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Fig. 4. OSNIR value in [dB] for different configurations of a continuous spectrum system with 9 channels using the proposed method of (2)–(4) (red, triangles) and numerical solution
(blue, circles). The power per channel is set to 0 dBm in all cases in order to ensure that nonlinearity dominates over ASE noise.

Fig. 5. Comparison of proposed method of (2)–(4) (red, triangles) with numerical solution
(blue, circles) for a continuous spectrum system with 9 channels. The power per channel
is properly set to ensure that nonlinearity dominates over ASE noise.

bandwidth (Fig. 5b) leads to a higher FWM crosstalk power compared
to the case of a narrower bandwidth (Fig. 5a) since four times more
frequencies are involved in FWM generation. As it is obvious, the
accuracy of (2)–(4) is very good showing a remarkable mismatch in the
case of 10 km length and for less than 10 fiber spans whilst in longer
span lengths the inaccuracy is in all cases less than 1 dB.

4.3. Results at optimum channel power

Figs. 6–7 show the transparent length that can be achieved versus
different power per channel for a target BER equal to 10−3 using (2)–
(4) and the numerical solution. Throughout this work, optimum power
𝑃𝑜𝑝𝑡 is defined as the power level that maximizes the transparent length.
𝑃𝑜𝑝𝑡 depends on link parameters and in particular for 𝑃 < 𝑃𝑜𝑝𝑡 the link
is OSNR limited while for 𝑃 > 𝑃𝑜𝑝𝑡 is nonlinearity limited.

Moreover, it is evident in Fig. 7 that the comparison between
Fig. 7(a) with (b), (d) with (e) and (c) with (f) shows that the longer
transparent length for QPSK systems with L = 50 km is due to the shorter
distance between EDFA stages leading to slower ASE accumulation. In
addition, a comparison between Fig. 6(a) with Figs. 7(b) and 6(b) with
Fig. 7(e) is demonstrating the dependence of BER on modulation format
where the transparent length for PM-QPSK is about four-times longer
than PM-16QAM as expected from (5).

Another observation is that, comparing Fig. 7(a) with (c) and (b)
with (f) SMF can achieve longer transparent lengths when compared to
NZDSF. On one hand, this happens due to the higher propagation losses

Fig. 6. Transparent length vs. channel power for a target BER of 10−3 using (2)–(5)
(red, triangles) and numerical method (blue, circles) for different system configurations
employing 16-QAM modulation format and 𝑁𝑐ℎ = 9.

of the NZDSF, which lead to stronger ASE noise. On the other hand,
NZDSF has lower local value of 𝐷, compared to SMF, something that
leads to a lower value of accumulated dispersion per span making FWM
crosstalk stronger.

Finally, it is clear that when contrasting Fig. 6(a) with (b), Fig. 7(a)
with (d) and Fig. 7(b) with (e) in-line dispersion compensation mech-
anisms lead to significantly lower transparent lengths. This happens
because the accumulated dispersion per span is low, making the FWM
products generated in different spans to add-up in phase and thus
strengthening the power of FWM.

An important conclusion can be drawn for the cases when accumu-
lated dispersion is low (i.e. in NZDSF case and in dispersion managed
case). In these cases the signal cannot be considered simply as a Gaussian
noise source and the impact of modulation format on FWM generation
should be taken into account in order to achieve accurate performance
estimations. This is shown in Figs. 6–7, where the proposed expressions
of (2) and (3) which include the impact of modulation format provide
very good matching with numerical results.

5. Further simplifications

We can further simplify (2) and (3) given that transmission links
comprise span lengths of 𝐿 > 40 km. Then, in (8), (16)–(18) of
Appendices A–B, we can approximate 1 + 4𝑒−𝑎𝐿 sin2

{

𝜋𝜆2𝐵2𝑗𝑘𝐷𝐿∕𝑐
}

(1−𝑒−𝑎𝐿)2
≈ 1. As
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Fig. 7. Transparent length vs. channel power for a target BER of 10−3 using (2)–(5) (red, triangles) and numerical method (blue, circles) for different system configurations employing
QPSK modulation format and 𝑁𝑐ℎ = 9.

Fig. 8. Difference between (2) and (6) for 9 channels and 𝐿 = 100 km.

such, (2) and (3) can be written, respectively, in a more convenient way

𝑃𝐹𝑊𝑀 = 32
27

𝛾2𝐿𝑒𝑓𝑓
2𝑃 3𝑁𝑠

2𝑐

𝜆2𝐵2𝐷
√

𝑧1

(

𝑎𝑠𝑖𝑛ℎ
(

𝜋𝜆2𝐷𝐵2

8𝑐
𝑁𝑐ℎ

2𝐵
𝐵+𝐺𝐵

√

𝑧2

)

−5
3
𝛷𝐿𝑜𝑔

(

𝑁𝑐ℎ
𝐵

𝐵+𝐺𝐵

))

(6)

𝑃𝐹𝑊𝑀 = 32
27

𝛾2𝐿𝑒𝑓𝑓
2𝑃0𝑁𝑠

2𝑐

𝜆2𝐵𝑠𝑙𝑜𝑡
2𝐷

√

𝑧1

⎛

⎜

⎜

⎜

⎝

𝑃 2
0 𝑎𝑠𝑖𝑛ℎ

(

𝜋𝜆2𝐷𝐵𝑠𝑙𝑜𝑡
2

8𝑐
√

𝑧2

)

+

𝑁𝑠𝑙𝑜𝑡−1
2
∑

𝑛=−𝑁𝑠𝑙𝑜𝑡−1
2 ,𝑛≠0

𝑃 2
𝑛

(

1 − 5
6
𝛷𝑛

) |

|

|

|

|

𝐿𝑜𝑔
(

𝑛 + 1∕2
𝑛 − 1∕2

)

|

|

|

|

|

⎞

⎟

⎟

⎟

⎠

(7)

Evidently, the expressions (6)–(7) are much simpler compared to
(2)–(3). However, despite the complexity reduction, the accuracy of
(6)–(7) is sufficiently high as they estimate the power of FWM with
less than 0.15 dB deviation compared to (2)–(3), when 𝐿 > 40 km,
for almost any parameter combination. This could be advantageous
when rapid calculation of the physical layer performance of a network
is sought. Fig. 8 shows the deviation between (2) and (6) defined as
𝐷𝑒𝑣 = 𝑃𝐹𝑊𝑀,𝐸𝑞. (2) [dBm]−𝑃𝐹𝑊𝑀,𝐸𝑞. (6) [dBm]. The deviation between
(2) and (6) is found to be up to 0.13 dB both for the uncompensated and
the dispersion managed case. To further elaborate this deviation, Dev
can be approximated as

(

1 + 4𝑒−𝑎𝐿

(1−𝑒−𝑎𝐿)2

)

−
√

𝑧1
𝑧1+12𝐿2

4𝑒−𝑎𝐿

(1−𝑒−𝑎𝐿)2
considering

that asinh(.) is a slowly varying function. Recalling that 𝑧1 is a function
of (1 − 𝐶𝑅), the term

√

𝑧1
𝑧1+12𝐿2 increases as 𝐶𝑅 → 0 while it decreases

as 𝐶𝑅 → 1. As a consequence, Dev is lower in the dispersion uncompen-
sated case compared to the dispersion managed case, something that is
also evident in Fig. 8.

6. Conclusions

We have derived and validated the accuracy of a closed-form formula
which includes the impact of modulation format on FWM generation.
This method can be used to estimate the optical performance for a wide
range of system configurations and parameters spanning from metro
applications to long-haul and submarine transmissions. The assumption
that the signal is a stationary circular Gaussian noise source can be
efficient when the accumulated dispersion is significant, i.e. in disper-
sion uncompensated links, but it leads to erroneous estimations when
the accumulated dispersion is low, i.e. in the case of metro networks,
in dispersion managed links and in short links of a few hundred of
kilometers. The formulation we developed here is tailored especially
to these cases showing very good matching with numerical results and
thus can be included in PLA-RMSA algorithms which perform multiple
calculations in real-time.
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Appendix A

From [29], 𝑃𝐹𝑊𝑀,𝐺𝑁𝐴 for a system with guard bands between
channels is given by

𝑃𝐹𝑊𝑀,𝐺𝑁𝐴 =

𝑁𝑐ℎ−1
2
∑

𝑛=−𝑁𝑐ℎ−1
2

𝑁𝑐ℎ−1
2
∑

𝑛′=−𝑁𝑐ℎ−1
2

∫

𝑛′𝛥𝐵+𝐵∕2
𝐵

𝑛′𝛥𝐵−𝐵∕2
𝐵

∫

𝑛𝛥𝐵+𝐵∕2
𝐵

𝑛𝛥𝐵−𝐵∕2
𝐵

(

16
27

𝛾2𝐿𝑒𝑓𝑓
2𝑃 3

⋅
1

1 +
(

2𝜋𝜆2𝐵2𝑗𝑘𝐷∕ (𝑎𝑐)
)2

sin2
(

𝑁𝑠𝜋𝜆2𝐵2𝑗𝑘𝐷𝐿 (1 − 𝐶𝑅) ∕c
)

sin2
(

𝜋𝜆2𝐵2𝑗𝑘𝐷𝐿 (1 − 𝐶𝑅) ∕c
)

(

1 +
4𝑒−𝑎𝐿 sin2

(

𝜋𝜆2𝐵2𝑗𝑘𝐷𝐿∕𝑐
)

(

1 − 𝑒−𝑎𝐿
)2

))

𝑑𝑗𝑑𝑘

(8)

where 𝛥𝐵 = 𝐵 +𝐺𝐵 and we also assume that (𝑖− 𝑘)(𝑗 − 𝑘) ≈ 𝑗 ⋅ 𝑘, which
is accurate in a multi-channel system where the number of interfering
frequencies is high. This double integral cannot be solved analytically,
so some approximations have to be made. In [15,16], the following
approximations were made

sin2
(

𝑁𝑠𝜋𝜆2𝐵2𝑗𝑘𝐷𝐿 (1 − 𝐶𝑅) ∕c
)

sin2
(

𝜋𝜆2𝐵2𝑗𝑘𝐷𝐿 (1 − 𝐶𝑅) ∕c
)

≈ 𝑁𝑠
2

×
(

𝑒−
(

𝑁𝑠
2−1

)(

𝜋𝜆2𝐵2𝑗𝑘𝐷𝐿(1−𝐶𝑅)∕c
)2
)2

1

1 +
(

2𝜋𝜆2𝐵2𝑗𝑘𝐷∕ (𝑎𝑐)
)2

≈ 𝑒−
(

2𝜋𝜆2𝐵2𝑗𝑘𝐷∕(𝑎𝑐)
)2

(9)
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Fig. 9. Comparison of (12) (blue) with its approximation: (13) (red) for a continuous
spectrum system with 9 channels and 𝑁𝑠 = 10 spans of 𝐿 = 10 km . (For interpretation of
the references to color in this figure legend, the reader is referred to the web version of
this article.)

The following term, can be approximated as

sin2
(

𝜋𝜆2𝐵2𝑗𝑘𝐷𝐿∕𝑐
)

= 1 − cos2
(

𝜋𝜆2𝐵2𝑗𝑘𝐷𝐿∕𝑐
)

≈ 1 −
(

𝑒−6
(

𝜋𝜆2𝐵2𝑗𝑘𝐷𝐿∕𝑐
)2
)2 (10)

and as a result the product of the right side functions of (9) and (10)
results to exponential functions. Then, using the Taylor approximation
𝑒−𝑥2 ≈ 1

1+𝑥2 (8) can be written as

𝑃𝐹𝑊𝑀,𝐺𝑁𝐴

=

𝑁𝑐ℎ−1
2
∑

𝑛=−𝑁𝑐ℎ−1
2

𝑁𝑐ℎ−1
2
∑

𝑛′=−𝑁𝑐ℎ−1
2

∫

𝑛′𝛥𝐵+𝐵∕2
𝐵

𝑛′𝛥𝐵−𝐵∕2
𝐵

∫

𝑛𝛥𝐵+𝐵∕2
𝐵

𝑛𝛥𝐵−𝐵∕2
𝐵

(

16
27

𝛾2𝐿𝑒𝑓𝑓
2 𝑃 3𝑁𝑠

2

⋅

(

1

1 +
(

𝑗𝑘𝑦1
)2

(

1 + 4𝑒−𝑎𝐿
(

1 − 𝑒−𝑎𝐿
)2

)

− 1

1 +
(

𝑗𝑘𝑦2
)2

4𝑒−𝑎𝐿
(

1 − 𝑒−𝑎𝐿
)2

))

𝑑𝑗𝑑𝑘

(11)

where 𝑦1 = 𝜋𝜆2𝐵2𝐷
𝑐

√

(

2
𝑎

)2
+ 2

(

𝑁𝑠
2 − 1

)

𝐿2 (1 − 𝐶𝑅)2 and 𝑦2 = 𝜋𝜆2𝐵2𝐷
𝑐

√

(

2
𝑎

)2
+ 2

(

𝑁𝑠
2 − 1

)

𝐿2 (1 − 𝐶𝑅)2 + 12𝐿2.
The value 6 in the power of the exponential function of (10) is a

fitting parameter used to match the width of the Gaussian-like initial
function (product of the left side functions of (9) and (10)) with the
resulting subtraction of lorentzian functions of (11). In particular, a
comparison between the initial function of (12) and its approximation
of (13) can be seen in Fig. 9. As it is obvious (13) shows very good
matching with the initial function (12).

1
1 + (2𝑞𝑗𝑘∕𝑎)2

sin2
(

𝑁𝑠𝑞𝑗𝑘𝐿 (1 − 𝐶𝑅)
)

sin2 (𝑞𝑗𝑘𝐿 (1 − 𝐶𝑅))

(

1 +
4𝑒−𝑎𝐿 sin2 (𝑞𝑗𝑘𝐿)

(

1 − 𝑒−𝑎𝐿
)2

)

(12)

𝑁𝑠
2

(

1

1 +
(

𝑗𝑘𝑦1
)2

(

1 + 4𝑒−𝑎𝐿
(

1 − 𝑒−𝑎𝐿
)2

)

− 1

1 +
(

𝑗𝑘𝑦2
)2

4𝑒−𝑎𝐿
(

1 − 𝑒−𝑎𝐿
)2

)

(13)

where 𝑞 = 𝜋𝜆2𝐵2𝐷∕𝑐.
Next, using the following equations, the double integral of (11) can

be analytically solved

∫
1

(

𝑥2 + 𝑚2
)𝑑𝑥 = 1

𝑚
𝐴𝑟𝑐𝑇 𝑎𝑛

( 𝑥
𝑚

)

∫

𝑥2

𝑥1

1
𝑥
𝐴𝑟𝑐𝑇 𝑎𝑛 (𝑥𝑦) 𝑑𝑥 = 1

2
𝑖
((

𝐿𝑖2
(

−𝑖𝑦𝑥2
)

− 𝐿𝑖2
(

𝑖𝑦𝑥2
))

−
(

𝐿𝑖2
(

−𝑖𝑦𝑥1
)

− 𝐿𝑖2
(

𝑖𝑦𝑥1
)))

(14)

where y is a product of variables and 𝐿𝑖2
(

−𝑖𝑟𝑥1
)

denotes the polyloga-
rithm function with 𝑠 = 2 with 𝐿𝑖𝑠 (𝑧) =

∑∞
𝑘=1

𝑧𝑘

𝑘𝑠 . Next, the double sum

can be reduced to a single sum using the following approximation
𝑁𝑐ℎ−1

2
∑

𝑛=−𝑁𝑐ℎ−1
2

𝑁𝑐ℎ−1
2
∑

𝑛′=−𝑁𝑐ℎ−1
2

(

𝑖
((

𝐿𝑖2
(

−𝑖𝑦1𝑙1𝑙1′
)

− 𝐿𝑖2
(

𝑖𝑦1𝑙1𝑙1
′))

−
(

𝐿𝑖2
(

−𝑖𝑦1𝑙1𝑙2′
)

− 𝐿𝑖2
(

𝑖𝑦1𝑙1𝑙2′
))

−
(

𝐿𝑖2
(

−𝑖𝑦1𝑙2𝑙1′
)

− 𝐿𝑖2
(

𝑖𝑦1𝑙2𝑙1′
))

+
(

𝐿𝑖2
(

−𝑖𝑦1𝑙2𝑙2′
)

− 𝐿𝑖2
(

𝑖𝑦1𝑙2𝑙2′
))))

≈ 4

𝑁𝑐ℎ−1
2
∑

𝑛=−𝑁𝑐ℎ−1
2 , 𝑛≠0

(

𝑖
((

𝐿𝑖2
(

−𝑖𝑦1𝑙1
)

− 𝐿𝑖2
(

𝑖𝑦1𝑙1
))

−
(

𝐿𝑖2
(

−𝑖𝑦1𝑙2
)

− 𝐿𝑖2
(

𝑖𝑦1𝑙2
))))

+4𝑖
(

𝐿𝑖2
(

−𝑖
𝑦1
4

)

− 𝐿𝑖2
(

𝑖
𝑦1
4

))

(15)

with 𝑙1 = 𝑛𝛥𝐵+𝐵∕2
𝐵 , 𝑙2 = 𝑛𝛥𝐵−𝐵∕2

𝐵 , 𝑙1′ = 𝑛′𝛥𝐵+𝐵∕2
𝐵 , 𝑙2′ = 𝑛′𝛥𝐵−𝐵∕2

𝐵 .
Then, we use the approximations 𝑖

(

𝐿𝑖2 (−𝑖𝑥) − 𝐿𝑖2 (𝑖𝑥)
)

≈ 𝜋 asinh (𝑥∕2),

asinh
(

𝑘1
)

− asinh
(

𝑘2
)

≈ Log
(

𝑘1∕𝑘2
)

and ∑

𝑁𝑐ℎ−1
2

𝑛=−𝑁𝑐ℎ−1
2 ,𝑛≠0

|

|

|

|

𝐿𝑜𝑔
(

𝑛+𝐵∕(2𝛥𝐵)
𝑛−𝐵∕(2𝛥𝐵)

)

|

|

|

|

≈ 2𝐿𝑜𝑔
(

𝑁𝑐ℎ
𝐵
𝛥𝐵

)

. After that we can get a closed-form
solution.

The next step is to solve 𝑃𝐹𝑊𝑀,𝑀𝐹 using the same methodol-
ogy we used to solve 𝑃𝐹𝑊𝑀,𝐺𝑁𝐴. Using Eq. (16) of [25] and since
(

∫ 𝑓 (𝑥) 𝑑𝑥
)2 ≈ ∫ 𝑓 2 (𝑥) 𝑑𝑥 over a small range of integration, we have

that 𝑃𝐹𝑊𝑀,𝑀𝐹 can be written as

𝑃𝐹𝑊𝑀,𝑀𝐹 =

𝑁𝑐ℎ−1
2
∑

𝑛=−𝑁𝑐ℎ−1
2 ,𝑛≠0

∫

𝑛𝛥𝐵+𝐵∕2
𝐵

𝑛𝛥𝐵−𝐵∕2
𝐵

∫

1∕2

−1∕2

(

80
81

𝛷𝑛𝛾
2𝐿𝑒𝑓𝑓

2𝑃 3

⋅
1

1 +
(

2𝜋𝜆2𝐵2𝑗𝑘𝐷∕ (𝑎𝑐)
)2

sin2
(

𝑁𝑠𝜋𝜆2𝐵2𝑗𝑘𝐷𝐿 (1 − 𝐶𝑅) ∕c
)

sin2
(

𝜋𝜆2𝐵2𝑗𝑘𝐷𝐿 (1 − 𝐶𝑅) ∕c
)

(

1 +
4𝑒−𝑎𝐿 sin2

(

𝜋𝜆2𝐵2𝑗𝑘𝐷𝐿∕𝑐
)

(

1 − 𝑒−𝑎𝐿
)2

))

𝑑𝑗𝑑𝑘

(16)

Next, using the analysis of (9)–(14) and performing some algebra, the
difference 𝑃𝐹𝑊𝑀, 𝐺𝑁𝐴−𝑃𝐹𝑊𝑀,MF after having included the contribution
of all principal maxima with FWM terms (see paragraph after Eq. (20)
in [16]), is calculated by (2).

Appendix B

Using [25] and [29], 𝑃𝐹𝑊𝑀,𝐺𝑁𝐴 and 𝑃𝐹𝑊𝑀,𝑀𝐹 for a flexgrid system
are given by

𝑃𝐹𝑊𝑀,𝐺𝑁𝐴 =

𝑁𝑠𝑙𝑜𝑡−1
2
∑

𝑛=−𝑁𝑠𝑙𝑜𝑡−1
2

𝑁𝑠𝑙𝑜𝑡−1
2
∑

𝑛′=−𝑁𝑠𝑙𝑜𝑡−1
2

∫

𝑛′+1∕2

𝑛′−1∕2 ∫

𝑛+1∕2

𝑛−1∕2

(

16
27

𝛾2𝐿𝑒𝑓𝑓
2𝑃 3

⋅
1

1 +
(

2𝜋𝜆2𝐵𝑠𝑙𝑜𝑡
2𝑗𝑘𝐷∕ (𝑎𝑐)

)2

sin2
(

𝑁𝑠𝜋𝜆2𝐵𝑠𝑙𝑜𝑡
2𝑗𝑘𝐷𝐿 (1 − 𝐶𝑅) ∕c

)

sin2
(

𝜋𝜆2𝐵𝑠𝑙𝑜𝑡
2𝑗𝑘𝐷𝐿 (1 − 𝐶𝑅) ∕c

)

(

1 +
4𝑒−𝑎𝐿 sin2

(

𝜋𝜆2𝐵𝑠𝑙𝑜𝑡
2𝑗𝑘𝐷𝐿∕𝑐

)

(

1 − 𝑒−𝑎𝐿
)2

))

𝑑𝑗𝑑𝑘

(17)

𝑃𝐹𝑊𝑀,𝑀𝐹 =

𝑁𝑠𝑙𝑜𝑡−1
2
∑

𝑛=−𝑁𝑠𝑙𝑜𝑡−1
2 ,𝑛≠0

∫

𝑛+1∕2

𝑛−1∕2 ∫

1∕2

−1∕2

(

80
81

𝛷𝑛𝛾
2𝐿𝑒𝑓𝑓

2𝑃 3

⋅
1

1 +
(

2𝜋𝜆2𝐵𝑠𝑙𝑜𝑡
2𝑗𝑘𝐷∕ (𝑎𝑐)

)2

sin2
(

𝑁𝑠𝜋𝜆2𝐵𝑠𝑙𝑜𝑡
2𝑗𝑘𝐷𝐿 (1 − 𝐶𝑅) ∕c

)

sin2
(

𝜋𝜆2𝐵𝑠𝑙𝑜𝑡
2𝑗𝑘𝐷𝐿 (1 − 𝐶𝑅) ∕c

)

(

1 +
4𝑒−𝑎𝐿 sin2

(

𝜋𝜆2𝐵𝑠𝑙𝑜𝑡
2𝑗𝑘𝐷𝐿∕𝑐

)

(

1 − 𝑒−𝑎𝐿
)2

))

𝑑𝑗𝑑𝑘

(18)
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where 𝑛 ranges from −
(

𝑁𝑠𝑙𝑜𝑡 − 1
)

∕2 ≤ 𝑛 ≤
(

𝑁𝑠𝑙𝑜𝑡 − 1
)

∕2 and includes
only the filled frequency slots. The main differences, regarding the
mathematical analysis, compared to previous case (Appendix A) are the
limits of integration. The methodology and the approximations remain
the same. As a consequence, the difference𝑃𝐹𝑊𝑀, 𝐺𝑁𝐴 −𝑃𝐹𝑊𝑀,MF for a
flexgrid system after having included the contribution of all principal
maxima with FWM terms (see paragraph after Eq. (20) in [16]), is
calculated by (3).
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